Abstract: Using the principal eigenvector (PE) of modal flexibility change, a new vibration-based algorithm for structural defect localization was presented in this paper. From theoretical investigations, it was proven that the PE of modal flexibility variation has a turning point with a sharp peak in its curvature at the damage location. A three-span continuous beam was used as an example to illustrate the feasibility and superiority of the proposed PE algorithm for damage localization. Furthermore, defect localization was also performed using the well-known uniform load surface approach for comparison. Numerical results demonstrated that the PE algorithm can locate structural defects with good accuracy, whereas the ULS approach occasionally missed one or two defect locations. It was found that the PE algorithm may be promising for structural defect assessment.
Introduction
During the last decades, a large number of research papers have reported on structural defect assessment based on the changes in measured static/dynamic response. The theoretical basis of these algorithms lies in the fact that the static and dynamic responses are functions of structural material properties (such as stiffness, mass, and damping). As a result, if the material properties are changed due to structural defects, then structural responses must also be changed. The relevant literature reviews can be found in references [1] [2] [3] . Generally, defect identification algorithms can be divided into model based and non-model based procedures according to using finite element model (FEM) or not. Algorithms [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] based on FEM assess structural defects by modifying structural FEM according to structural responses. The modifications of structural FEM will indicate the location and severity of the defect. It is well known that model-based methods are computationally intensive and highly influenced by the quality of structural FEM. However, the precise FEM is often difficult to achieve in engineering practice for the simplified assumptions in the construction of the FEM, which means that the correct results might be missed.
The advantages of non-model algorithms lie in their easiness and straightforwardness because structural EEMs are not needed in these approaches. Damage indexes can be established directly by the variations of structural responses before and after damage for assessing structural defects. Zhang and Aktan [17] used the uniform load surface (ULS) of structural flexibility to locate defects. Wu and Law [18, 19] discovered that the curvature of ULS is sensitive to local damage in the plate structure. Wang and Qiao [20] made use of the simplified gapped-smoothing technique to improve the accuracy of the ULS algorithm. Choi et al. [21] proposed an elastic damage load theorem to locate defects in simply supported beams. Sung et al. [22] presented a normalized ULS algorithm
Theory

The Principle of Deflection-Based Damage Localization
In this section, the explicit relation between the defect and defect-induced deformation variation has been derived firstly from the theoretical investigations. Then, the basic principle of deflection-based algorithm for structural damage localization has been illustrated.
For a n-DOFs structure, let K u and K d are the stiffness matrices of the intact structure, F u and F d are the flexibility matrices of the damaged structures. Then they will satisfy the following relationship:
F u¨Ku " F d¨Kd " I nˆn (1) where I nˆn is the identity matrix. Generally, structural defects reduce the stiffness and increase the flexibility. If ∆K and ∆F are the changes of stiffness and flexibility matrices, then one has:
∆K " K u´Kd (2) ∆F " F d´Fu (3) From Equations (1)- (3), one has
Equation (4) can be expanded as
From Equation (5) , one has F u ∆K " ∆FpK u´∆ Kq
Substituting Equation ( 3) into (6) yields
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According to Equation (1) , Equation (7) can be rewritten as
Multiplying Equation (8) by a load vector l, the defect-induced deformation variation vector (DV) can be defined as dv " ∆Fl " F u ∆KF d l
According to the FEM theory, the global stiffness change ∆K can be expressed as the summation of all the elemental stiffness changes, i.e., ∆K " 
where α e i and K e i are the damage coefficient and stiffness matrix of the ith element, N e is the number of elements in the structural FEM. α e i " 0 denotes the corresponding element is intact, otherwise the element is damaged. According to Equations (9) and (10), we have dv "
According to Equation (11) , the DV may be due to a single defect or multiple defects. For brevity, the single defect case is studied firstly in the following discussion. If only α e i ‰ 0, Equation (11) can be reduced to
Then Equation (12) simplifies to dv " E i η i
Using the Linear algebra theory [32, 33] , Equation (15) has important implications that dv is the linear combination of the column vectors in E i . From Equation (13) , E i is a sparse matrix because the elemental stiffness matrix K e i is very sparse. Assuming e j i and k j i are the jth nonzero column vector of E i and K e i , respectively, one has e
According to Equation (16) , the physical meaning of the vector e j i is the deflection of the intact structure by considering k j i as a load vector. Thus, e j i is defined as the characteristic deflection and k j i is defined as the characteristic force of the ith element. It has been shown from Equation (15) that the deflection variation in a structure due to defect is a linear combination of the characteristic deflections for the damaged element. For the multiple-damage case, a similar conclusion can be obtained using the derivation as before. That is to say, structural deflection variation before and after damage is always the linear combination of the characteristic deflections for those damaged elements. Now we begin to discuss the properties of the characteristic force and deflection for structural elements. For convenience, the beam element is employed to illustrate these substantive features. Figure 1 presents a Bernoulli-Euler plane beam element with two nodes giving four DOFs, whose stiffness matrix and nodal displacement vector in local co-ordinates are as follows:
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where E is the elastic modulus, I is the moment of inertia, and L is the element length. Figure 1 presents a Bernoulli-Euler plane beam element with two nodes giving four DOFs, whose stiffness matrix and nodal displacement vector in local co-ordinates are as follows: 2  2   2  2   3   4  6  2  6   6  12  6  12   2  6  4 
where E is the elastic modulus, I is the moment of inertia, and L is the element length. The four column vectors of K e in Equation (18) are the characteristic forces for the Bernoulli-Euler plane beam element in local co-ordinates. Figure 2 shows the corresponding load configurations of these characteristic forces.
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where E is the elastic modulus, I is the moment of inertia, and L is the element length. From Figure 2 , it is apparent that all the load configurations are the self-equilibrating force systems. This conclusion is also valid for other types of finite elements. As can be seen in Figure 3 , the internal force (IF) in most parts of the structure under a characteristic force will be zero, except the element associated with this characteristic force.
the statically determinate structure), only the element associated with the characteristic force is deformed, whereas the remaining part of the structure is not deformed and only has rigid body motion. That is to say, the elemental characteristic deflection will, due to its characteristic force, consist of several parts of the rigid displacement, but not the element itself. As stated before, structural deflection change due to defects is a linear combination of the characteristic deflections corresponding to those damaged elements. Thus, the deflection change of the structure without redundant constraints under an arbitrary load will consist of several parts of the rigid displacement but not the damaged segments. In other words, the turning points between each segment of the rigid displacement in the shape of the deflection change for the structure are the locations of the defects. For the statically indeterminate structure, the derivation process is the same as that of the statically determinate structure. The only difference is that the IF in some parts of the statically indeterminate structure under a characteristic force will be slightly greater than zero because of the redundant constraint limitation. Correspondingly, the deflection variation due to damage will consist of several parts of the approximate rigid displacement (or the rigid displacement) but not the damaged segments. Then, the turning points between each segment of the approximate rigid displacement (or the rigid displacement) in the deflection change shape are the defect locations. As a result, the sharp peaks in the curvature of structural deflection variation will indicate the locations of structural defects. In short, one can conclude from Figures 2 and 3 that: (1) the characteristic force is a self-equilibrating force; (2) the characteristic force acts only on its own element and not on the rest of the structure. When the characteristic force is applied to the structure without redundant constraints (i.e., the statically determinate structure), only the element associated with the characteristic force is deformed, whereas the remaining part of the structure is not deformed and only has rigid body motion. That is to say, the elemental characteristic deflection will, due to its characteristic force, consist of several parts of the rigid displacement, but not the element itself. As stated before, structural deflection change due to defects is a linear combination of the characteristic deflections corresponding to those damaged elements. Thus, the deflection change of the structure without redundant constraints under an arbitrary load will consist of several parts of the rigid displacement but not the damaged segments. In other words, the turning points between each segment of the rigid displacement in the shape of the deflection change for the structure are the locations of the defects.
For the statically indeterminate structure, the derivation process is the same as that of the statically determinate structure. The only difference is that the IF in some parts of the statically indeterminate structure under a characteristic force will be slightly greater than zero because of the redundant constraint limitation. Correspondingly, the deflection variation due to damage will consist of several parts of the approximate rigid displacement (or the rigid displacement) but not the damaged segments. Then, the turning points between each segment of the approximate rigid displacement (or the rigid displacement) in the deflection change shape are the defect locations. As a result, the sharp peaks in the curvature of structural deflection variation will indicate the locations of structural defects.
Deflection Estimated by Modal Flexibility Change and PE Method for Damage Localization
In Equation (9), the flexibility change matrix ∆F can be calculated approximately using the first few low-frequency modes, as shown in [34, 35] ∆F "
where m is the number of measured modes, λ uj and λ dj are the eigenvalues of the structure before and after damage, ϕ uj and ϕ dj are the corresponding eigenvectors, respectively. For the damaged structure, the modal data can be acquired through a modal test in practice. For the intact structure, the modal data are acquired through solving a generalized eigenvalue problem of the undamaged FEM or by the modal experiment. Using matrix theory [32, 33] , the principal eigenvector of ∆F can be given by the solutions of the following eigenvalue problem:
where λ 1 is the principal eigenvalue and ξ 1 is the principal eigenvector of ∆F, respectively. According to Equation (20), the physical meaning of the vector ξ 1 is the structural deflection variation before and after damage by considering
ξ 1 as a load vector. Thus, according to the principle stated in Section 2.1, structural defects can be located in the following two ways: (1) the turning points in the shape of ξ 1 are the locations of defects; (2) the sharp peaks in the curvature of ξ 1 indicate the locations of structural defects. It is known that the curvature of ξ 1 can be computed using the central difference approximation as follows:
where ζ i 1 is the ith coefficient of ξ 1 , h is the length of structural element, and pζ i 1 q 2 is the ith curvature coefficient of ξ 1 .
Numerical Example
The continuous beam in Figure 4 is used to demonstrate the defect localization ability of the presented PE algorithm.
Deflection Estimated by Modal Flexibility Change and PE Method for Damage Localization
In Equation (9), the flexibility change matrix F Δ can be calculated approximately using the first few low-frequency modes, as shown in [34, 35] 
where m is the number of measured modes, uj λ and dj λ are the eigenvalues of the structure before and after damage, uj φ and dj φ are the corresponding eigenvectors, respectively. For the damaged structure, the modal data can be acquired through a modal test in practice. For the intact structure, the modal data are acquired through solving a generalized eigenvalue problem of the undamaged FEM or by the modal experiment.
Using matrix theory [32, 33] , the principal eigenvector of F Δ can be given by the solutions of the following eigenvalue problem:
where 1 λ is the principal eigenvalue and 1 ξ is the principal eigenvector of F Δ , respectively.
According to Equation (20) , the physical meaning of the vector 1 ξ is the structural deflection variation before and after damage by considering ξ can be computed using the central difference approximation as follows: 
Numerical Example
The continuous beam in Figure 4 is used to demonstrate the defect localization ability of the presented PE algorithm. Note that this example is a statically indeterminate structure. For the structure, the elastic modulus, density, moment of inertia, and cross-sectional area are 200 GPa, 7.8×10 3 Kg/m 3 , 1.0416× 10 −6 m 4 , 0.0025 m 2 , respectively. In the FEM, the structure is divided into 36 elements, which gives 33 translational DOFs and 37 rotational DOFs. The length of each segment in the beam FEM is 0.1m. In the following discussion, only the first four modal parameters with the translational degrees of freedom are used in order to simulate the incomplete measurements. Defect in the beam was simulated by reducing the elastic modulus of some structural elements. Five defect scenarios are assumed in the example. Scenario 1: the defect occurred in element 7 with 20% stiffness reduction. Note that this example is a statically indeterminate structure. For the structure, the elastic modulus, density, moment of inertia, and cross-sectional area are 200 GPa, 7.8ˆ10 3 Kg/m 3 , 1.0416ˆ10´6 m 4 , 0.0025 m 2 , respectively. In the FEM, the structure is divided into 36 elements, which gives 33 translational DOFs and 37 rotational DOFs. The length of each segment in the beam FEM is 0.1 m. In the following discussion, only the first four modal parameters with the translational degrees of freedom are used in order to simulate the incomplete measurements. Defect in the beam was simulated by reducing the elastic modulus of some structural elements. Five defect scenarios are assumed in the example. Scenario 1: the defect occurred in element 7 with 20% stiffness reduction. Scenario 2: the defect occurred in element 13 with 20% stiffness reduction. Scenario 3: the defects occurred in elements 5 and 17 both with 20% stiffness reduction. Scenario 4: the defects occurred in elements 5 and 31 both with 20% stiffness reduction. Scenario 5: the defects occurred in elements 7, 19 and 33 all with 20% stiffness reduction. Detection results of each damage scenario obtained by the presented PE algorithm and the well-known ULS method are both given to compare the localization performance.
Using the exact data without noise, the principal eigenvector (PE) of modal flexibility change and the ULS variation for damage scenario 1 are plotted in Figure 5a ,b, respectively. Accordingly, the PE curvature and the ULS variation curvature for the case of damage scenario 1 are plotted in Figure 6a, Using the exact data without noise, the principal eigenvector (PE) of modal flexibility change and the ULS variation for damage scenario 1 are plotted in Figure 5a ,b, respectively. Accordingly, the PE curvature and the ULS variation curvature for the case of damage scenario 1 are plotted in Figure  6a ,b, respectively. One can see that the transnational DOFs numbered 7 and 8 are the turning points in Figure 5 and the sharp peaks in Figure 6 , respectively. In the beam model, the seventh and the eighth transnational DOFs are exactly corresponding to the seventh element. This means that the seventh segment could be successfully detected to be the defect area by inspecting the turning points in Figure  5 , or by inspecting the sharp peaks in Figure 6 . Note that the human inspection and intervention is One can see that the transnational DOFs numbered 7 and 8 are the turning points in Figure 5 and the sharp peaks in Figure 6 , respectively. In the beam model, the seventh and the eighth transnational DOFs are exactly corresponding to the seventh element. This means that the seventh segment could be successfully detected to be the defect area by inspecting the turning points in Figure 5 , or by inspecting the sharp peaks in Figure 6 . Note that the human inspection and intervention is required in the above damage localization process.
Damage scenario 2 is used to verify the validity of the two algorithms when the defect occurred near the supported boundary. Figures 7 and 8 showed the detection results of this scenario. One can conclude that the damaged element 13 can be detected by inspecting the turning points in Figure 7 , or by inspecting the sharp peaks in Figure 8 .
Damage cases 3-5 are used to compare the PE algorithm with the ULS method for the multiple damage scenarios. Figures 9 and 10 showed the results of damage localization for damage case 3. From Figures 9a and 10a , one can see that the damaged elements 5 and 17 were clearly identified by PE and PE curvature. From Figure 9b , the ULS variation method fails to detect the damaged element 17. It can be seen from Figure 10 that the PE curvature provides comparatively better damage location predictions than the ULS curvature. One can see that the transnational DOFs numbered 7 and 8 are the turning points in Figure 5 and the sharp peaks in Figure 6 , respectively. In the beam model, the seventh and the eighth transnational DOFs are exactly corresponding to the seventh element. This means that the seventh segment could be successfully detected to be the defect area by inspecting the turning points in Figure  5 , or by inspecting the sharp peaks in Figure 6 . Note that the human inspection and intervention is required in the above damage localization process.
Damage scenario 2 is used to verify the validity of the two algorithms when the defect occurred near the supported boundary. Figures 7 and 8 showed the detection results of this scenario. One can conclude that the damaged element 13 can be detected by inspecting the turning points in Figure 7 , or by inspecting the sharp peaks in Figure 8 . Damage cases 3-5 are used to compare the PE algorithm with the ULS method for the multiple damage scenarios. Figures 9 and 10 showed the results of damage localization for damage case 3. From Figures 9a and 10a , one can see that the damaged elements 5 and 17 were clearly identified by PE and PE curvature. From Figure 9b , the ULS variation method fails to detect the damaged element 17. It can be seen from Figure 10 that the PE curvature provides comparatively better damage location predictions than the ULS curvature. Damage cases 3-5 are used to compare the PE algorithm with the ULS method for the multiple damage scenarios. Figures 9 and 10 showed the results of damage localization for damage case 3. From Figures 9a and 10a , one can see that the damaged elements 5 and 17 were clearly identified by PE and PE curvature. From Figure 9b , the ULS variation method fails to detect the damaged element 17. It can be seen from Figure 10 that the PE curvature provides comparatively better damage location predictions than the ULS curvature. Figures 11-14 presented the damage localization results for damage case 4 using the exact modal data and the data with 3% noise, respectively. From Figures 11 and 12 , both damage localization methods can achieve satisfactory results by using error-free data. Figures 11-14 presented the damage localization results for damage case 4 using the exact modal data and the data with 3% noise, respectively. From Figures 11 and 12 both damage localization methods can achieve satisfactory results by using error-free data. Figures 11-14 presented the damage localization results for damage case 4 using the exact modal data and the data with 3% noise, respectively. From Figures 11 and 12 , both damage localization methods can achieve satisfactory results by using error-free data. From Figure 13 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 5 and 31 even if 3% noise is considered. According to Figure 14 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged segments cannot be determined by these curvature maps with noise. Figures 15-18 presented the damage localization results for damage case 5 using the exact modal data and the data with 3% noise, respectively. From Figures 15a and 16a , one can see that the damaged elements 7, 19 and 33 were clearly identified by PE and PE curvature. From Figure 15b , the ULS variation method fails to detect the damaged element 19. It can be concluded that the PE algorithm can precisely identify multiple defect locations, whereas the ULS method occasionally missed multiple damage locations.
(a) From Figure 13 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 5 and 31 even if 3% noise is considered. According to Figure 14 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged segments cannot be determined by these curvature maps with noise.
Figures15-18 presented the damage localization results for damage case 5 using the exact modal data and the data with 3% noise, respectively. From Figures 15a and 16a , one can see that the damaged elements 7, 19 and 33 were clearly identified by PE and PE curvature. From Figure 15b , the ULS variation method fails to detect the damaged element 19. It can be concluded that the PE algorithm can precisely identify multiple defect locations, whereas the ULS method occasionally missed multiple damage locations. From Figure 13 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 5 and 31 even if 3% noise is considered. According to Figure 14 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged segments cannot be determined by these curvature maps with noise. Figures 15-18 presented the damage localization results for damage case 5 using the exact modal data and the data with 3% noise, respectively. From Figures 15a and 16a , one can see that the damaged elements 7, 19 and 33 were clearly identified by PE and PE curvature. From Figure 15b , the ULS variation method fails to detect the damaged element 19. It can be concluded that the PE algorithm can precisely identify multiple defect locations, whereas the ULS method occasionally missed multiple damage locations.
(a) From Figure 17 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 7, 19 and 33 even if 3% noise is considered. From Figure 18 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged locations cannot be determined by these curvature maps with noise. From Figure 17 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 7, 19 and 33 even if 3% noise is considered. From Figure 18 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged locations cannot be determined by these curvature maps with noise.
In order to study the sensitivity of the proposed method to the number of modes, Figures 19 and From Figure 17 , one can see that the indexes of PE and ULS variation can still identify the damaged elements 7, 19 and 33 even if 3% noise is considered. From Figure 18 , it is apparent that the curvature indexes are seriously affected by the measurement error, and the damaged locations cannot be determined by these curvature maps with noise.
In order to study the sensitivity of the proposed method to the number of modes, Figures 19 and 20 give the damage localization results of damage case 4 using the first one, two and three modes without noise, respectively. From Figures 19 and 20 one can see that the ULS method is more sensitive to the number of modes than the PE method, and both damage localization methods can achieve reasonable results, even if only the first mode without noise is used in the calculation. (a) Figure 19 . (a) Damage index (PE) map using the first one, two and three modes without noise, respectively, when elements 5 and 31 are damaged; (b) Damage index (ULS variation) map using the first one, two and three modes without noise, respectively, when elements 5 and 31 are damaged (ˆ10´4).
(b) Figure 19 . (a) Damage index (PE) map using the first one, two and three modes without noise, respectively, when elements 5 and 31 are damaged; (b) Damage index (ULS variation) map using the first one, two and three modes without noise, respectively, when elements 5 and 31 are damaged (×10 −4 ). 
Conclusions
A new vibration-based method has been developed for structural damage localization, which is based on the principal eigenvector (PE) of modal flexibility change. In order to verify the feasibility of the PE algorithm, a three-span continuous beam was investigated for several damage scenarios with and without noise. Furthermore, the PE method was compared with the well-known ULS method to show its advantages. According to the numerical results, the presented PE method may be more effective at identifying the defect locations of the beam structure than the ULS method. The proposed PE procedure may have good prospects in structural damage localization.
